In this paper, we present a general cross-phase modulation (XPM) model based on the Volterra series transfer function (VSTF) method in hybrid coherent QPSK/OOK wavelength division multiplexed (WDM) systems. The general model can entirely describe XPM effects in dispersion management (DM) fiber links. Normalized square deviation (NSD) is employed to test the precision of our model. The results show that we can achieve NSD less than 10 −3 as launched peak power below 4 dBm/ch in DM fiber links. The accuracy of our model is sufficient for current hybrid coherent QPSK/OOK WDM systems. Based on our XPM model, the statistical properties of XPM effects can be predicted at the end of DM fiber links, the launched optical power can be optimized to achieve the optimum system performance, and the analytical expression of bit error rate (BER) can be obtained to predict the performance of QPSK channel coherent receiver. We present comprehensive analysis regarding the applications of our model through both theoretical analysis and Monte Carlo (MC) simulation. The good consistence between MC simulation and analytical result validates our theoretical derivation. Our results will be very useful for the design of hybrid coherent QPSK/OOK WDM systems without resorting to timeconsuming numerical simulation.
Introduction
Demand for large transmission capacity has been increasing exponentially due to the rapid expansion of LTE, IPTV, and Big Data. The single channel data rate of coherent optical systems has been increased to 100 Gb/s and even beyond by employing advanced modulation formats, such as M-ary PSK and M-ary QAM. To make the upgrade cost-effective, only a few channels of WDM grid may be upgraded on capacity demand. QPSK/OOK hybrid systems have been studied both experimentally [1] and numerically [2] , showing that XPM is the limiting impairment on the phase modulated signals in the nonlinear regime. Due to Kerr nonlinearity, XPM causes two kinds of distortions: XPM induced phase noise and XPM induced intensity noise by group velocity dispersion (GVD).
The model of XPM effects in fiber-optic systems has been investigated intensively. The most primary problem of XPM model is waveform distortions of each channel are ignored as they propagate in fiber. The simplified models of XPM induced intensity noise have been analyzed in intensity modulation direct detection (IM-DD) optical WDM system [3, 4, 5] , and the simplified models of XPM induced phase noise have been proposed in hybrid non-coherent differential-QPSK (DQPSK)/OOK and coherent QPSK/OOK hybrid optical system [1, 4] . To consider the waveform distortions of each channel, two theoretical models based on small signal method have been proposed for XPM induced intensity noise [6, 7] and XPM induced phase noise [2] , respectively. The core of small signal method is Wang-Petermann's conversion matrix [8] . The conversion matrix describes the conversion between the intensity and phase in a link of dispersive fiber, the phase and intensity of optical signal can be detected at the end of the fiber. To obtain the model of XPM induced phase and intensity noise, it should to be integrated the contributions of phase and intensity distortion generated in each infinitesimal segment of fiber, respectively. Therefore, two models are needed to describe XPM effects. When the distortion of pump waveform is considered, the integral expressions are rather complicated. There is little research on a general model to entirely describe XPM effects, meanwhile, the general model should contain the waveform distortions of each channel. To overcome the problems, we derive XPM model from the nonlinear Schrodinger equation (NLSE). The VSTF method expresses the NLSE as a polynormial expansion in the frequency domain and retains the most significant terms in the resulting transfer function. By employing VSTF method, we present a novel general XPM model to estimate XPM effects in WDM optical system. The general XPM model can entirely estimate XPM effects in a dispersion management fiber links, and contains the waveform distortions of each channel. Compared with small signal method, our model only uses one expression to entirely describe XPM effects. Our proposed analytical method is more refined and efficient than small signal method and can effectively reduce the amount of computation. Compared with simplified method, our general model has higher precision.
The impact of XPM induced phase and intensity fluctuation on BER performance has been investigated in optical CDMA system [9, 10] . In coherent hybrid WDM system, the BER expression only considers the XPM induced phase noise [2] . We fill the gap by demonstrating analytically the impact of XPM effects on QPSK channel in coherent hybrid QPSK/OOK WDM system. We derive the analytical expression of BER for the performance prediction of QPSK channel coherent receiver. By comparing through both theoretical derivation and simulation, we can entirely evaluate the performance of QPSK channel impaired by XPM effects induced by OOK channels in DM fiber links. Based on the expression of BER, the optimum launched optical power can be achieved to optimize the performance of system.
In this paper, we first present a general XPM model base on VSTF method, and then analyze the statistical properties of XPM effects by using our model. Furthermore, we derive the analytical expression for the BER performance prediction of QPSK channel coherent receiver. Finally, we test our analytical results against numerical simulations.
XPM model based on VSTF method
The generalized NLSE is commonly used to describe the slowly varying complex envelop of the optical field in the fiber. It can be expressed in the time domain as
where A ¼ Aðt; zÞ is the slowly varying complex envelope of the optical field at time t and position z along the fiber, 2 is the GVD parameter, α is the fiber loss, and γ is the nonlinearity coefficient of the fiber. The VSTF is an infinite series expansion of the solution to the NLSE that can be truncated to third-order to give [11] Að!; L smf Þ % H 1 ð!; LÞAð!; 0Þ
where the first, third-order Volterra kernel transforms are
and
where Að!; 0Þ is the Fourier transform of Aðt; 0Þ, L is the length of fiber, Our analytical model includes the effect of pre-, post-, and in-line compensating fibers. Fig. 1 shows the schematic of dispersion management optical fiber links. We use VSTF method to express the output of optical signal at the end of optical fiber links. We retain only the first-order and the third-order Volterra kernels. Under the assumption of identical spans, the parameters of transmission fibers are the same in each span. The total output optical signal in the end of optical fiber links can approximated in the frequency domain as
Lin ð!Þ ¼ Að!; 0Þ;
where L smf is the length of single mode fiber (SMF), 2;smf is the GVD parameter of SMF. pre and res are the GVD cumulated in pre-compensation fiber and in-line residual GVD cumulated, respectively. N is the number of fiber spans. The output of optical signal consists of two parts: A
Lin ð!Þ and A
ð1Þ
NL ð!Þ. In WDM systems, the input consists of multiple channels. We define input optical signal Að!Þ ¼ P k¼M k¼ÀM A k ð! À kÁ!Þ, where A k ð!Þ is the baseband input of the kth channel and Á! is the channel spacing. After substituting Að!Þ into Volterra series [5] , we obtain ð2M þ 1Þ 3 terms containing factors of the form
The XPM term can be described as
Our analysis assumes two optical waves system propagating over DM fiber links. The intensity and phase fluctuations caused by XPM have been studied previously for systems with a CW probe channel under the interference of a modulated pump channel [3, 5, 12] . The validity of this analysis based on a CW probe has been verified experimentally [3, 8, 13] . The results show that XPMinduced crosstalk depends only on the power of the pump channels [5] . Based on previous researches, our analysis assumes that Channel 0 is a CW with input A 0 ðtÞ ¼ ffiffiffiffiffi P 0 p [5] , and channel k is an arbitrary signal. The derived frequency domain expression of nonlinear perturbation induced by channel k can be written as
with whereP k ð!Þ is the Fourier transform of the kth channel power modulation, P k ð0Þ ¼ 2 " P k ð!Þ, " P k is the average power of the kth channel. The nonlinear perturbation induced by channel k in the time domain can be written as
where IFT is the inverse Fourier transform, L eff ¼ ð1 À e ÀL smf Þ=.
We assume that the channel 0 as M channels to its right and M to its left. The overall A ð1Þ NL ð!Þ can be written as a superposition of the stemming from the individual channels. The total nonlinear perturbation can be written as
When the input power is large, the VSTF method has a serious energy divergence problem, which has been proposed in single-channel optical system [14, 15, 16] . The previous research results show that the extra energy comes from the phase of the VSTF output. In hybrid coherent QPSK/OOK system, due to Kerr nonlinearity, the nonlinear perturbation A ð1Þ NL ðtÞ is dominated by the introduction of a nonlinear phase term. Suppose the generated phase is ðtÞ; by restoring 1 þ jðtÞ into a phase term expðjðtÞÞ, the energy divergence from the phase is removed. To solve the energy divergence problem of the VSTF method, a simple modification to the VSTF method is employed. Therefore, the output signal of channel 0 can be described as 
À2jN " P k L eff 
As can be seen from Eq. (11), we can describe the output signal of channel 0 at the end of DM fiber links. So we can use one general model to predict XPM effects in frequency domain as
Note that in Eq. (12), E xpm is a complex, so we can easily obtain the XPM induced phase noise in the frequency domain as Im½E xpm ð!Þ. Meanwhile, the XPM induced amplitude noise by GVD can be written as Re½E xpm ð!Þ. From what has mentioned above, we can find that our analytical method is more refined and efficient than small signal method.
BER with XPM effects

The variances of XPM effects
According Eq. (11), XPM induced phase noise in the frequency domain can be written as
and XPM induced amplitude noise by GVD in the frequency domain can be written asĨ
The PSD of xpm ð!Þ is
and the PSD ofĨ xpm ð!Þ is
where S k ð0; !Þ is the PSD of the kth channel power.
The power values of OOK transmitter can be described as the sum ofP k ðtÞ and " P k . Average power " P k is P peak =2. The possible values ofP k are þP peak =2 and ÀP peak =2. The PSD ofP k ðtÞ can be obtained as
where T s is symbol interval. The variances of xpm ð!Þ andĨ xpm ð!Þ can be obtained as
respectively.
BER analysis
The received QPSK signal can be described as
where mðkÞ is the kth data symbol, P 0 is the energy of the symbol, nðkÞ is a complex additive white Gaussian noise. I xpm ðkÞ tends to has Gaussian distribution, so _ nðkÞ can be approximated a complex additive white Gaussian noise. According Eq. (14) and Eq. (19), the signal-to-noise (SNR) per symbol can be described as
As shown in Eq. (21), we can obtain the SNR of received signal in coherent receiver digital signal process (DSP) units. Therefore, the BER of QPSK signal affected by both additive complex Gaussian noise and XPM effects can be expressed as [2] BER ¼ 
Simulation and discussions
Simulations in VPItransmissionMaker are performed to evaluate the validity of theoretical prediction. The hybrid system has 5 channels with 40 Gb/s QPSK central channel, and all the others are 10 Gb/s OOK. QPSK signals are demodulated by using a coherent receiver. The DM fiber links composed of a linear precompensating fiber, N ¼ 10 identical spans with linear dispersion compensation at the end of each span, and finally a linear post-compensating fiber. The dispersion map is chosen according to the "straight line rule". The total dispersion is compensated to zero. The transmission fiber is SMF with length L ¼ 100 km,
Channel spacing Áf is 50 GHz. In simulation, we turn off the self-phase modulation to validate the correctness of our XPM model. The polarization of each channel is aligned by polarization controllers and the polarization mode dispersion of fiber link is set to be zero, so that the scalar nonlinear Schrodinger equation can be used.
To validate the accuracy of our model, we use the normalized squared deviation (NSD) as a measure of the difference between the output fields calculated by our model and split-step Fourier method (SSFM) simulation. The NSD is defined as [11] 
The NSD between the output fields obtained by the proposed model and the SSFM simulation are plotted in Fig. 2 . Because our general XPM model contains the waveform distortions of each channel, we can observe that our general model has higher precision compared with simplified XPM model [1, 3] . Although our model has the same accuracy with XPM model based on small signal method, we should note that our analytical method is more refined and efficient than small signal method. We employ one general model to entirely describe XPM effects, while other methods should employ two models to describe XPM induced phase noise and intensity noise, respectively [2, 6] . Therefore, the proposed model in this paper can effectively reduce the amount of computation.
From Fig. 2 , we can see that the NSD decreases with increasing peak input power. It means the NSD is dependent on the peak input power of each channel. We also find that the precision of XPM models declines as in-line residual dispersion increases. Note that there is a special case. Because dispersion pre-and postcompensation are used DCF, when in-line residual dispersion D res is 0 ps/nm, we must set D res ¼ 0 ps/nm and D post ¼ 0 ps/nm. The precision of the XPM model with D res ¼ 0 ps/nm has a same approximate value as the dispersion pre-compensation D pre ¼ ÀðN À 1ÞD res =2 according to "straight line rule". It be note worthy that Fig. 2 and Fig. 3 do not include this special case. Fig. 3 shows NSD is dependent on in-line residual dispersion in hybrid QPSK/ OOK system. The results show that the precision of XPM model based on VSTF and small-signal are over the simplified method. Note that the precision of our model has a same level compared with XPM model based on small-signal method. According to Fig. 2 and Fig. 3 , we can see the precision of XPM model decrease with increasing channel power or in-line residual dispersion in DM fiber links. From Fig. 3 , we can achieve NSD less than 10 À3 as launched peak power below 4 dBm/ch and in-line residual dispersion below 1600 ps/nm in QPSK/OOK hybrid coherent optical system. The accuracy of our model is sufficient for powers that the current semiconductor lasers can generate for communications and for reasonable lengths of fiber. Meanwhile, the precision is also sufficient for the channel spacing (50 GHz) of the already existing NRZ-OOK WDM systems. To verify our theoretical derivation Eq. (18) and Eq. (19), we perform Monte Carlo simulation to estimate the variances of XPM induced phase noise and amplitude noise, respectively. We use the same system parameters as mentioned above. The Monte Carlo simulations were performed using a series of 2 16 symbols for QPSK signal. Fig. 4(a) shows the variance of XPM induced phase noise. Fig. 4(b) shows the variance of XPM induced amplitude noise by GVD. It is clear that theoretical derivation agree with the numerical simulation. It is worth to note that the variance of XPM induced phase noise decrease as the in-line residual dispersion increases, while the variance of XPM induced amplitude has minimum as in-line residual dispersion are close to 180 ps/nm. Fig. 5 shows the Q-factor as a function of peak launch power per channel P peak . The Q-factor is converted from the BER using Q ¼ ffiffi ffi 2 p erfc À1 ð2 Á BERÞ and QðdBÞ ¼ 20 log 10 ðQÞ. Note the good match of our analytical derivation with Monte Carlo simulations, which indicate that our theoretical model can predict the optimum launch power in hybrid QPSK/OOK systems. As can be seen in Fig. 5 , when in-line residual dispersion is 0 ps/nm, the optimum launch power of each channel is −1.03 dBm/ch; when in-line residual dispersion is 80 ps/nm, the optimum launch power of each channel is −0.32 dBm/ch. In the presence of in-line residual dispersion, the optimum launch power and Q-facor will be improved. It means that XPM effects is decreased, due to the interaction of in-line residual dispersion and nonlinearity. From Fig. 5 , In ASE dominated region, the impact of ASE noise far extends XPM effects. In XPM dominated region, the performance of system rely mainly on the impact of XPM effects. In the intermediate region, we have to consider both ASE noise and XPM effects. Fig. 6 shows the BER performance comparison at the different in-line residual dispersion in hybrid QPSK/OOK system. The peak input power of each channel is 0 dBm/ch in the neighborhood of optimum input power, so we have to consider the impacts of XPM effects and ASE noise on the performance of our system. It is clear that theoretical derivation follows well with the numerical simulation. Note that the BER performance will improve with increasing in-line residual dispersion.
Conclusion
In this paper, we propose a general XPM model based on the VSTF method in hybrid QPSK/OOK DWDM system. The general model can entirely describe XPM effects in DM fiber links. Based on our model, we can accurately estimate the statistical properties of XPM effects. We derive the analytical expression of bit error rate (BER) for the performance prediction of QPSK channel coherent receiver. The analytical results agree with simulation, which verifies our derivation. Based on the expression of BER, the launched optical power can be optimized to achieve the optimum performance. This model has the potential to be applied in a variety of applications of signal processing for optical applications system, such as nonlinearity compensation for XPM effects, and optimized carrier phase estimation algorithms. These are the subject of continuing research.
